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The aim of this paper is to study the closed derivations in C(l) induced by non- 
atomic signed measures with support I and to give an example of a non quasi well- 
behaved closed derivation in C(I). 
1. INTRODUCTION AND PRELIMINARIES 
Recently the study of unbounded derivations in C*-algebras has been 
important in connection with quantum physics. In particular derivations in 
commutative C*-algebras are studied by several authors (see References). 
Let 6 be a closed derivation in C(Q), where C(a) is the algebra of all real 
valued continuous functions on a compact Hausdorff space 0. Throughout 
this paper the domain D(6) of 6 will be always assumed to be a dense 
subalgebra in C(Q). A point x in R is said to be well-behaved for 6 iff we 
have 6(f)(x) = 0 for fE a(6) with If(x)1 = \/j’il. Let W, be the collection of 
all well-behaved points in Q. Then 6 is said to be quasi well-behaved iff Who. 
the interior of W,, is dense in 0. 
Sakai (41 posed the question of whether there exists a non quasi well- 
behaved closed derivation in C(0). Batty [ 1 ] gave an example of such a 
derivation in C(Q,) and Goodman [3] later gave it in C(Z x Z), where Z is 
the interval IO, 1 ] and R, is a subset of Z x Z. But in the case of C(Z) this 
problem has been open. 
In Section 2 we first define a closed derivation 6, in C(Z) induced by a 
non-atomic signed measure ,U and show that there exists a one-to-one 
correspondence between some class of closed derivations in C(Z) and non- 
atomic signed measures on I with support I. A signed measure on I is said to 
be non-atomic iff the associated function of bounded variation is continuous. 
In Section 3 we characterize W8, and give a necessary and sufficient 
condition for 6, to be quasi well-behaved, and then, as its application, give 
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an example of a non quasi well-behaved closed derivation in C(1) by 
introducing a particular signed measure constructed by Igari. 
2. CLOSED DERIVATIONS INDUCED BY 
NON-ATOMIC SIGNED MEASURES 
We identify a signed measure on I with the associated function of bounded 
variation on I which vanishes at zero. 
LEMMA 2.1. Let p1 be a non-atomic positive measure on I with support I. 
And suppose that pz is a signed measure with ,u, < p, . Then there exist 
lirn ~,(X + h) -‘2(X) 
h-0 P~(X + h) - /44 
for,u, - a.e. x in I, 
and, if we denote it by F(x), F belongs to L’(I,p,) and satisfies 
/4x)= j’F& for all x in I. 
0 
If ,ul is Lebesgue measure, this lemma is well-known. We prove it by 
reducing to the case of Lebesgue measure. 
Proof Put Rb,) = {pi(x); x E I}, and let m be Lebesgue measure on 
R&i). Since y, is a homeomorphism from I onto R(,u,) and ,u2 4 ,U i , it 
follows that ,D~ o,uu;’ is a signed measure on R(,a,) such that p2 o PU;’ < m, 
where ,u; * is the inverse mapping of ,ui . Thus we have 
P20K1(y)=jYGdm for ally in R(u,), 
0 
where we put, for m-a.e. y in R(p,), 
G(y) = lim olt vu;‘)(v + h) - 012 OK’)(Y) 
h-0 &+h)-m(y) ’ 
Since m =p, 0 ,uu;‘, by setting x =,uu; ‘(y) and F = G o ,u, , our assertion 
follows. 
We denote the unit element in C(I) by II, and a function x --) si f dp by 
h.f &. 
THEOREM 2.2. Let p be a non-atomic signed measure on I with support 
I, and define a linear mapping 6, in C(I) by S,(f i) =f, where we put f i = 
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AII + j,J-dp for A E R and f E C(Z). Then 6, becomes a closed derivation in 
C(Z) with the domain D(6,) = {f$ A E R,fE C(Z)}. 
Proof: We first show that 6, is well-defined. By Lemma 2.1, we have 
,4x>= (*WI for x E 1. 
-0 
where 
/4x + h) - &> 
F(x)=!~~p~(x+h)-~p~(x)’ 
We put U = (x E I; F(x) # 0). Since the support of ,U is Z, U is dense in 1. 
Let f be in C(Z) and suppose that AlI + 1, f dp = 0. Then. for each x in I/, we 
have 
lim 
1 
h-0 p(x + h) -p(x) 
(!I+ ‘fdp - J:fd, j = 0. 
On the other hand, we have 
lim 
1 
(f”+“f& - fxfCj -.f(.u) ) 
h.0 ,a(~+ h)-p(x) .. 
= lim 
1 
h+o 
(r+h (;,A -f(x)> 40) 1 
,a(x t h) -,4x> +x 
,< lim liul(x+h)-IPI 
h-0 p(x+h)-p(x) 
= 0. 
Thus f(x) = 0 for x in U. Since U is dense in Z, it follows that f= 0. Hence 
6, is well-defined. 
Since p is a non-atomic measure with support Z, for all f and g in C(Z), we 
have 
and the set (l,Jdp;fE C(Z)} separates the points in I. It follows that 6, has 
a derivation property; that is, 
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for f, g E C(Z) and 1, tl E R, and %(a,) is a dense subalgebra of C(Z). By a 
simple calculation it is easy to see that 6, is closed, and this completes the 
proof. 
The following theorem characterizes closed derivations in C(Z) induced by 
non-atomic signed measures. 
THEOREM 2.3. Let 6 be a closed derivation in C(Z). Then there exists a 
unique non-atomic signed measure ,u on Z with support Z such that 6 = 6, if 
and only if R(6) = C(Z) and K(6) = {Aa; 1 E R}, where R(6) and K(6) are 
the range and the kernel of 6, respectively. 
To prove this theorem we need the following lemma. 
LEMMA 2.4. Let 6 be a closed derivation in C(Z) whose kernel is 
(Al; 1 E R [ and f a function in B(6). Suppose that S(f) vanishes on a closed 
subinterval J of Z, then f is constant on J. 
Proof We put J = [a, /?I (a # /?) and suppose that f is not constant on J. 
By taking some closed subinterval of J and -f instead of J and fi respec- 
tively, if we need, we can assume hat f (a) <f (/I). Then there exists a closed 
subinterval K of J such that 
Now we put 
s = F$f (x), s = y&f(x), 
y = max({O) U {x E [0, a];f (x) = s)), 
and 
w = min(( 1) U {x E [/?, l];f (x) = S}). 
Since D(6) is a Silov algebra [3], there exists a function g in D(6) such that 
g=-1 on P,YI 
= 0 on b,Pl 
= 1 on [o, 11, 
--l<g<O on [y,a], and O<g< 1 on [p, 01. 
We put h =f + 2 IIf (1 g. Then, by [3, Lemma 1.1.51, h is a function in a(s) 
such that 6(h) vanishes on [a, fl] and h(x) @ [s, S] for x E [0, a] U [p, 11. 
Let p be a function in C’(R) whose support is [s, S]. By (5, Theorem 3.81 
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we have p(h)E D(s), p(h)# 0, and 6(p(h)) =@(h)6(h). For xE Ia,pI. 
6(h)(x) = 0 implies G(p(h))(x) = 0. And for x E [O, a] U [/I, I], h(x) @ Is. S 1 
implies p’(h)(x) =O, so that we also have &p(h))(x) = 0. Thus we can 
conclude that p(h) # 0 and &p(h)) = 0, which is a contradiction. This 
completes the proof. 
Proof of Theorem 2.3. Suppose that 6 is a closed derivation in C(Z) 
satisfying R(6) = C(Z) and K(6) = (21; A E ih‘}, and put C,,(Z) = 
(fE C(Z);f(O) = 0) and a, = (fE D(s);f(O) = 0). Then the restriction d,, 
of 6 to C,(Z) is a closed one-to-one linear mapping from C,(Z) onto C(Z) with 
the domain ‘0,. By the closed graph theorem the inverse 6; ’ of 6,, is a 
continuous linear mapping from C(Z) into C,(Z). 
For each fixed x in Z, suppose that f = g on [0, x] for f and g in C(Z). 
Then, by Lemma 2.4, it follows that s;‘(f-g) is constant on [0, x], so that 
we have 6; ‘(j)(x) - 6; ‘(g)(x) = 6; ‘(f- g)(x) = 6; ‘(f- g)(O) = 0. Since 
6; ’ is continuous, we can consider S;‘(.)(x) as a continuous linear 
functional on C( [0, x]). By the Riesz theorem there exists a unique signed 
measure ,u~ on [ 0, x] for each x E Z such that 6; ‘(f)(x) = fi f dp, for allf in 
C(Z). If f in C(Z) vanishes on [x, 11, the same argument as above implies 
6;‘(f)(x) = S;‘(f)(l). This shows that ~,l~~,~~, = ,D,],~,~, for each x in I, 
where & is the restriction of a measure ,U to a subinterval K of I. Thus, if 
we put IQ) =pA(x}) -P,((x)), we have J‘if&, = I’kfdp, + v(x)f(x) for 
.f~ C(Z) and x E 1. It follows that v is right-continuous and v(l) = 0. Since 
.i;ffdp, = 6; ‘(j)(x), it also shows that, for f in C(Z), JJdp, + vf is mapped 
to f by 6,. Let {f,} be a uniformly bounded sequence in C(Z) which 
pointwise converges to the characteristic function of (x}. Then we have 
From this we also have 
Taking n -+ co in the last equality, we have v(x) = -p,({x)). Since the set 
(x E Z;p,({x)) # 0) is countable and v is a right-continuous function with 
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V( 1) = 0, it follows that v vanishes on Z and ,D, is non-atomic. Furthermore 
we have 
mf)(x) = pk = p44 forfE C(Z) and x E I. 
0 0 
It easily follows that the support of ,u~ is Z, and we have a(6) = {fi,; A E R, 
fE C(Z)} and S(f:,) =J This implies 6 = 6,,. The rest of the proof is clear 
by the definition of 6,. 
3. AN EXAMPLE OF A 
NON QUASI WELL-BEHAVED CLOSED DERIVATION 
For a measure ,U on Z, we put 
M, = (x E I; there exists an open neighborhood r/, 
of x such that fi is monotone on U,}. 
THEOREM 3.1. Let ,u be a non-atomic signed measure on Z with support 
I. Then it4,, n (0, 1) = WsMo n (0, 1). 
Proof Let x be in M, n (0, 1) and suppose that Ifi(x)l = I/fill 
(A E W,fE C(Z)). Since 
/4x + h) -P(X) 
!!!!&l(x+h)-~,uI(x)fo’ 
as in the proof of the first part in Theorem 2.2, we have 
lim f;“;(x + h, -f;l(x) =f(x). 
h-0 ,u(x + h) -p(x) 
Since Ifjkdl = Ilf~ll y t i is clear that the above limit vanishes. It follows that 
J’$)~=~O(~T~S implies x E W,# n (0, 1 ), so that we have M, n (0, 1) c 
6” 
Now subpose that x & M, n (0, 1) and V is an arbitrary neighborhood of 
x. By taking -p instead of ~1 if we need, we may assume that there exists a 
closed interval .Z contained in V such that we can find an element x’ in the 
interior of J satisfying ,U(x’) = max{jf(y);yE J}. Since D(s,) is a Silov 
algebra, there exists a function g (0 <g < 1) in D(s,) such that 
g=l on a neighborhood of x’ 
=o on Z/J. 
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Then, by [ 3, Lemma 1.1.5 1, we have 6,(g)(Y) = 0. Furthermore the 
definition of 6, implies that ,u E D(s,) and S,@) = 4, so that ,u + 2 /j~/l g 
belongs to a(8,) and we have 
and 
lliu + 2 Ml gll =W) + 2 LIP// gW) 
duo1 + 2 II/4 g)(x’) = lb’) + 2 IIP II S,(gW) 
= 1. 
Thus x’ 6? Ws,. Since x’ E I/ and V is arbitrary, we have x @ W,“‘f? (0, 1 ), 
which completes the proof. 
By Theorem 3.1 the following corollary is clear. 
COROLLARY 3.2. Let p be a non-atomic signed measure on I with 
support I. Then 6, is quasi well-behaved if and only if M, is dense in I. 
By Corollary 3.2, the following example of a signed measure given by 
Igari shows that there exists a non quasi well-behaved closed derivation. 
EXAMPLE 3.3 (Igari). Let {r,,; n E N } be a sequence which consists of all 
rational numbers in I. Now we put 
cp(x)= 1 if XE (-1,O) 
=-- 1 if XE (0, 1) 
= 0 otherwise. 
a,(x) = 3’?(6”(x - r,,)h 
Lc 
@(xl = y 97,(x), 
n--l 
and 
,q,(x) = I.-’ CP dm, 
* 
where m is Lebesgue measure on F?. Then ,uuo is a non-atomic measure on I 
with support I such that M,(, = 4. 
Proof Since 
200 HIDEKIKUROSE 
Q(x) converges for a.e. x and belongs to L’(-co, ao), so that ,u~ is a non- 
atomic measure on Z. 
Now suppose ,uO is increasing on some open subinterval J of I. Then @ > 0 
a.e. in J. 
On the other hand there exists a sufficiently large N such that supp qN c J, 
where suppf= {x E Z;f(x) # 0) for a function f on I. We put 
K = (I,,,, rN + 6-N). For x E K\~upp(Cz=~+ I co,,), we have 
@tx) = 5 p,tx) < pN(x) + 
N-1 
N-l 
<-3N+ 1 34, 
n=l 
and 
>6-N- 5 m(supp(o,) nENtl 
=6-N- 5 6-‘L&+.6-“. 
n=Nt 1 
Hence @J is negative on a subset of .Z with positive measure. This is a 
contradiction. Thus p,, is not increasing on any open subinterval of I. The 
same argument shows that ,D,, is not decreasing on any subinterval of I. This 
implies that MLLO = 4 and the support of PO is I. This completes the proof. 
The closed derivation df10 induced by ,u,, satisfies the following conditions 
raised by Goodman [3, Lemma 3.2.41: 
(i> KuoO = 6 
(ii) Eachfin ID(6,J is not one-to-one on any subinterval of I. 
By using Example 3.3 we can construct many non quasi well-behaved 
derivations in C(Z). 
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